This paper extends the growth model for a closed national economy by Zhang (2015) to a small-open economy. We attempt to explain some economic mechanisms of how the richest one per cent of the population own 50% of national wealth. We consider endogenous wealth and human capital accumulation by heterogeneous households with different preferences and learning abilities as the main determinants of growth and inequality. We describe the production technologies and economic structure on the basis of the Uzawa two-sector model. By applying Zhang's concept of disposable income and approach to household behavior, we describe consumers' wealth accumulation and consumption behavior. We model human capital accumulation on the basis of Arrow's learning by doing and Zhang's creativity with leisure. We simulate the model with three groups of the population, the rich 1 %, the middle 69%, and the poor 20%. We demonstrate the existence of an equilibrium point at which the rich 1% own more than half of the national wealth and the poor 20% less than 10% of the national wealth. We show how the system moves to the equilibrium from an initial state and confirm that the equilibrium point is stable. We also conduct comparative dynamic analysis.
Introduction
It is nowadays often mentioned that the richest 1% of the world population is owning almost half of the world's wealth. In many countries the richest 1% of a national population owns a great share of the national wealth. Forbes (2000) argues for analyzing determinants of growth and distributions as follows: "careful reassessment of the relationship between these two variables (growth rate and income inequality) needs further theoretical and empirical work evaluating the channels through which inequality, growth, and any other variables are related." Through systematically reviewing the literature of economic growth and inequality of income and wealth, Zhang (2006) concludes that modern theoretical economics has failed in providing a proper analytical framework for dealing with relations between growth and inequality. The purpose of this study is to re-address issues related to growth and inequality by ( ) where j m is a parameter measuring utilization efficiency of human capital by group . j The labor input is the work time by the effective human capital. As the total qualified labor force is the sum of all the groups' labor forces, we have ( ) 
Full employment of labor and capital
The total labor force is employed by the two sectors. The condition of full employment of labor force implies ( ) ( ) ( ).
The total capital stock ( ) t K is allocated between the two sectors. As full employment of capital is assumed, we have ( ) ( ) ( ).
Let ( ) t k j denote per capita wealth of group j at . t Group j 's wealth is ( ) . The production function of the capital good sector is specified as follows 
The consumer goods sector
The production function of the consumer good sector is specified as follows ( ) ( 
The time constraint for everyone ( ) ( )
where ( )
is the leisure time of the representative household and 0 T is the total available time. Substituting (12) into (11) 
where
Change in the household wealth
According to the definitions of ( ), t s j the wealth accumulation of the representative household in group j is given by ( ) ( ) ( ).
This equation simply states that the change in wealth is equal to saving minus dissaving.
Dynamics of human capital
In economic theory there are three sources of improving human capital, through education (Uzawa, 1965) , "learning by producing" (Arrow, 1962) , and "learning by leisure" (Zhang, 2007) . We propose that the human capital accumulation is described as follows
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The output of the consumer good sector is consumed only by the households. The demand for consumer good from a group is ( ) .
The condition that the total demand is equal to the total supply implies ( ) ( ). We completed the model. The model is structurally general in the sense that some well-known models in theoretical economics can be considered as its special cases. For instance, if we fix wealth and human capital and allow the number of types of households equal the population, then the model is a Walrasian general equilibrium model. If the population is homogeneous, our model is structurally similar to the neoclassical growth model by Solow (1956) and Uzawa (1961) . It is structurally similar to the multi-class models by Pasinetti and Samuelson (e.g., Samuelson, 1959; Pasinetti, 1960 Pasinetti, , 1974 . We now examine dynamics of the model.
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The national output and wealth experience slight changes during the stu and the middle's human capital fall and the poor's human capital rises slightly. T rich household and the middle household falls. The ratio between the rich hou household falls. The rich own more than half of the national wealth with 1 perc and the poor own about 7 per cent of the national wealth with the 20 percent of th The rich household owns about 160 times wealth than the poor household. We start with different initial states not far away from the equilibrium point and find that the system approaches to an equilibrium point. The equilibrium values of the variables are listed in (22) . The rich has highest human capital and highest wage income. The rich household spends the least time on work and the poor household spends the longest hours. The rich household's consumption level and wealth are also much higher than the households from the two other groups. (22) It is straightforward to calculate the six eigenvalues as follows As all the eigenvalues are negative, we see that the equilibrium point is locally stable.
Comparative Dynamic Analysis
We simulated the motion of the dynamic system. We now study how exogenous changes, such as the rich's preference, affect the economic growth, inequality and each class's wealth and consumption. Before carrying out comparative dynamic analysis, we introduce a variable
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We simulated the motion of the dynamic system. We now study how exogenous changes, such as rich's preference, affect the economic growth, inequality and each class's wealth and consump Before carrying out comparative dynamic analysis, we introduce a variable Figure 2 . The wage rate and price of services are not affected. The improved efficiency by the rich benefits the growth of the national wealth, GDP and total labor supply. The output levels and two input factors of the two sectors are augmented. The macroeconomic variables are improved. The rich's share of national wealth is augmented and the shares of the other two groups are reduced. The gaps between the rich household's wealth and the other two groups are enlarged. Although it makes the rich richer, to accumulate more human capital and wealth, to earn more, to work more, and to consume more, the parameter change has almost no impact on the other two groups. This is contrast to the closed economy. As shown in Zhang (2015) , in the closed economy the poor and the middle benefit from the improvement in the rich's efficiency of applying human capital. The human capital, wealth, consumption level of services and wage incomes of the poor and the middle are all enhanced. In contrast to the closed economy, the change in the rich's human capital application efficiency benefits the rich, has makes no impact on the other groups, and worsens equality.
Figure 2. The Rich's Efficiency of Applying Human Capital Being Enhanced

Comparative Dynamic Analysis
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The rich's propensity to save being augmented
If the rich has become too rich to spend their income, their propensity to save may be increased. We now increase the rich's propensity to save in the following way:
The simulation results are plotted in Figure 3 . The preference change has no impact on the wage rate and price of service. In contrast to the case for the closed economy , the rise in the rich's propensity to save has no effect on the micro variables related to the poor and the middle. As the country is open with capital flows freely in global markets where the price and cost of capital good are fixed for the economy under consideration, the change in the propensity of the rich affects the macroeconomic variables and the group itself. It should be noted that as the rich changes its preference, the rich works more and consumes more which leads to higher human capital. The enhancements of the rich's human capital increase the national economic performance, but do not benefit the poor and the middle. The gaps between the rich and the poor are enlarged. 
The rich increasing the propensity to consume
We now consider a case that the rich increases the propensity to consume in the following way:
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We plot the simulation results in Figure 4 . The rate of interest and wage rate are not affected. The micro variables of the poor and middle are not affected. In the short term the inequalities are "improved" as the share of the rich in the national wealth falls and the ratios of the per household's wealth levels are shrunk. In the long term the inequalities are "deteriorated" as the share of the rich in the national wealth rises and the ratios of the per household's wealth levels are 4. The rate of interest and wage rate are are not affected. In the short term the The simulation results are plotted in Figure 3 . The preference change has no impact on the wage rate and price of service. In contrast to the case for the closed economy , the rise in the rich's propensity to save has no effect on the micro variables related to the poor and the middle. As the country is open with capital flows freely in global markets where the price and cost of capital good are fixed for the economy under consideration, the change in the propensity of the rich affects the macroeconomic variables and the group itself. It should be noted that as the rich changes its preference, the rich works more and consumes more which leads to higher human capital. The enhancements of the rich's human capital increase the national economic performance, but do not benefit the poor and the middle. The gaps between the rich and the poor are enlarged. 
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acaDemicus -inteRnational scientific JouRnal WWW.acaDemicus.eDu.al 106 enhanced. As the rich works more hours and accumulates more human capital in the long term, the gaps are enlarged. It should remarked that different from the case that the propensity to save is increased, the increase in the propensity to consume results in that the rich work more hours even in the long term.
Figure 4. The Rich Increasing the Propensity to Consume
The rich accumulating human capital more effectively
We now strengthen the impact of the rich's learning through consuming on human capital accumulation as follows:
We see that the rich's human capital accumulation is more strongly affected by consumption, the wealth gap between the rich and the poor is enlarged. The rich gets higher share of the national wealth and the ratios of per household wealth between the poor and rich and between the middle and rich are enhanced. The rich's human capital is augmented, which also increases the growth of the national wealth, GDP and total labor supply. The output levels and two input factors of the two sectors are augmented. The rate of interest and the price of service are not affected.
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Figure 5. The Rich's Learning through Consuming Being Strengthened
The total factor productivity of the capital good sector being enhanced Another important question is what will happen to different people and the national economy if the total factor productivity of the capital good sector is increased. We increase the productivity in the following way:
The simulation results are plotted in Figure 6 . We have following change in the wage rate and price of service
The rise in the productivity increases human capital and wage incomes of all the groups. The price of consumer good rises. The two sectors expand the output levels in the long term. The wealth and consumption levels of all the groups are increased in the long term. The national wealth, GDP and total labor supply are all increased. The inequality between the rich and the poor is enlarged in the long term. The rich get higher share of the national wealth and the ratios of per household wealth between the poor and rich and between the middle and rich are increased in the long term. It should be noted that Kaldor (1956) argues that as income inequality is enlarged, growth should be encouraged as savings are promoted. This positive relation between income inequality and growth is also observed in studies by Bourguignon (1981) and Frank (2009). There are other studies which find negative relations between income inequality and economic growth. Some mathematical models which predicate negative relations are referred to, for instance, Galor and Zeira (1993) and Galor and Moav (2004) , and Benabou (2002) . The empirical study by Persson and Tabellini (1994) also confirm negative relations. From our simulation, we see that relations between inequality and economic growth are complicated in the sense that these relations are gets higher share of the national wealth and the ratios of per household wealth between the poor an rich and between the middle and rich are enhanced. The rich's human capital is augmented, which als increases the growth of the national wealth, GDP and total labor supply. The output levels and tw input factors of the two sectors are augmented. The rate of interest and the price of service are no affected. The total factor productivity of the capital good sector being enhanced
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Figure 6. The Total Factor Productivity of the Capital Good Sector Being Enhanced
The total factor productivity of the service sector being enhanced
We now allow the total productivity in the following way:
The simulation results are plotted in Figure 7 . We have following change in the wage rate and price of service
The rise in the productivity increases human capital and wage incomes of all the groups. The price of consumer good rises. The two sectors expand the output levels in the long term. The wealth and consumption levels of all the groups are increased in the long term. The national wealth, GDP and total labor supply are all increased.
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Figure 7. The Total Factor Productivity of the Service Sector Being Enhanced
The rate of interest being increased in global markets
We now allow the rate of interest to be exogenously changed as follows:
We plot the simulation results in Figure 8 . The wage rate of the price of service
The rise in the cost of capital lowers the output levels of the two sectors. The wealth and consumption levels of all the groups are reduced in the long term. The national wealth, GDP and total labor supply are all decreased. The ratio between the rich's wealth and the poor's wealth falls in the long term. 
The rise in the cost of capital lowers the output levels of the two sectors. The wealth and consumptio levels of all the groups are reduced in the long term. The national wealth, GDP and total labor suppl are all decreased. The ratio between the rich's wealth and the poor's wealth falls in the long term. The rise in the cost of capital lowers the output levels of the two sectors. The wealth and consum levels of all the groups are reduced in the long term. The national wealth, GDP and total labor s are all decreased. The ratio between the rich's wealth and the poor's wealth falls in the long term. The rise in the cost of capital lowers the output levels of the two sectors. The wealth and consumption levels of all the groups are reduced in the long term. The national wealth, GDP and total labor supply are all decreased. The ratio between the rich's wealth and the poor's wealth falls in the long term. 
Concluding Remarks
This paper extended the growth model for a closed national economy by Zhang (2015) to a small-open economy. The dynamic economic model of heterogeneous households attempted to explain some economic mechanisms of how the richest one per cent of the population own 50% of national wealth. We consider endogenous wealth and human capital accumulation by heterogeneous households with different preferences and learning abilities as the main determinants of growth and inequality. The model is developed for perfectly competitive economies. We described the production technologies and economic structure on the basis of the Uzawa two-sector model. By applying Zhang's concept of disposable income and approach to household behavior, we describe consumers' wealth accumulation and consumption behavior. We modelled human capital accumulation on the basis of Arrow's learning by doing and Zhang's creativity with leisure. We described how wealth accumulation, human capital accumulation, and division of labor, and time distribution interact with each other under perfect competition. We simulated the model with three groups of the population, the rich 1 %, the middle 69%, and the poor 20%. We demonstrated the existence of an equilibrium point at which the rich 1% do own more than half of the national wealth and the poor 20% less than 10% of the national wealth. We showed how the system moves to the equilibrium from an initial state and confirm that the equilibrium point is stable. We also demonstrated how changes in the total factor productivities of the two sectors, the rich's human capital utilization efficiency, the rich's efficiency of learning through consuming, and the rich's propensities to save, to consume, and to enjoy leisure, affect growth and inequality. Our comparative dynamic analysis shows that changes in the rich's propensities and human capital accumulation abilities have slight effects on the economic conditions of the poor and the middle in the open-small economy. This is contrast to what have been demonstrated in Zhang's closed national growth model where, for instance, the poor and the middle benefit from the rich's rise in the propensity to save. The study has many obvious limitations. For instance, we assume that there is no social mobility in the economic system. This study does not consider the role of the government in redistributing wealth and income. It is important to see how the government can affect distribution with various policies. We carried out comparative dynamic analysis each time only with respect change in a single parameter. It is more insightful to allow multiple parameters to be changed simultaneously. Another important issue is how to introduce endogenous change in preferences of different people. We may extend the model in some other directions. We may introduce education and allow some kind of government intervention in education.
